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Abstract

In this paper, we study a non-parametric approach to prediction in stochastic

choice models in economics. We apply techniques from statistical learning theory

to study the problem of learning choice probabilities. A model of stochastic choice is

said to be learnable if there exist learning rules defined on choice data that are uni-

formly consistent. We construct learning rules via the procedure of empirical risk

minimization, where risk is defined in terms of incentive compatible scoring rules.

This approach involves mild distributional assumptions on the model, with the main

requirement being a constraint on the capacity of the admissible set of choice proba-

bilities. Further, the approach allows us to obtain bounds on the sample complexity for

various models of stochastic choice i.e. the minimum number of samples needed to

have a precise estimate of the true choice probabilities. This allows for distribution-

free, robust estimates of choice probabilities for several well-known economic models

of stochastic choice. We provide several applications and derive sample complexity

upper bounds in closed form, in terms of the description and parameters of the un-

derlying stochastic choice model.

1 Introduction

The study of stochastic choice models in economics seeks to understand aggregate de-

mand behaviour and preference heterogeneity in markets (McFadden [1978]). A typical

model of stochastic choice involves a set of alternatives from which an agent makes a

choice and based on a set of underlying characteristics (X ), the model prescribes the

probabilities with which various items (A) would be chosen. This is defined in terms
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Wierman for comments and suggestions.

1



of a stochastic choice function σ : X → ∆(A). The probabilities σ (x) can be interpreted

as the proportion of times a particular alternative is chosen compared to other feasible

alternatives. Yet another interpretation involves the choice probabilities resulting from

randomisation on part of the agent. The nature of this randomisation depends on the con-

text and details of the decision making process (Manzini and Mariotti [2007],Fudenberg

et al. [2015]). For example, in random utility models, the choice probabilities depend on

structural parameters of the agents’ preferences and idiosyncratic factors, in the form of

random utility shocks, that may cause preferences to alter. In this paper, we study a novel

approach to estimating choice probabilities, which correspond to a model of stochastic

choice, based on data available on agents’ choices among alternatives.

We study the problem of learning the map σ from finite data on choices. Hence, each

data point consists of a pair (xi , ai) where ai is the alternative chosen when the character-

istics were given by the vector xi . We are interested in learning rules defined on choice

data which lead to accurate estimation of choice probabilities and the criterion we re-

quire is uniform consistency. This requires that for any given precision parameters ε,δ > 0,

there exists a fixed data size N (ε,δ), such that if the analyst were to apply the learning

rule to a data set of size above N (ε,δ), the probability would be at least 1 − δ that the

stochastic choice function conjectured by the learning rule would be close to the true

stochastic choice probability function by at most ε. Moreover, this holds true irrespective

of the process that generates choice problems and the true function σ0. Hence, working

with amount of data at leastN (ε,δ) allows for robust estimates of the choice probabilities,

when learning rules are uniformly consistent. This is a desirable feature of the notion of

consistency considered here. In many contexts, it is natural to assume that the analyst

does not know either the data generating process or the true stochastic choice function,

and may wish to work with data sizes that gaurantee, in a robust mannter, a certain de-

gree of precision in estimation. The minimum number of samplesN (ε,δ), which provides

such a gaurantee is called the sample complexity of the model of stochastic choice and is

indeed a central object of study in the present paper.

There are several reasons as to why the above problem would be of relevance to economists.

We discuss here a few points, highlighting how the present work contributes to the em-

pirical and theoretical literature. The estimation of choice probabilities in discrete choice

models has for a long time been of interest to empiricists and econometricians interested

in studying choice behaviour in markets. The novelty of the present approach lies in

the introduction and assessment of sample complexity. This has two main advantages.

2



Firstly, the sample size N (ε,δ) gaurantees robust estimates which are independent of the

random process that generates the data. Hence, the analyst/econometrician can safely

rely on such a sample size to achieve a predetermined level of accuracy in estimates

ε,δ > 0. This is the key consequence of uniform consistency. Indeed, it also implies the

usual consistency notion adopted in econometrics, where only convergence to the true

parameter is required without a robustness gaurantee in terms of sample sizes. Hence,

in the usual definition of consistency, depending on the data generating process, more or

less number of samples may be needed for accurate estimation and a priori, the analyst

may not know how much data would be needed, for which the present approach would

provide gaurantees. Secondly, sample complexity also acts as a measure of complexity

for stochastic choice models. Different models would have different sample complexity

and the models with higher sample complexity, would need more samples for good esti-

mation. Hence, in a sense, we can compare different models based on such measures (say

Logit v/s Probit) and this allows the analyst or econometrician to make a formal judge-

ment as to which stochastic choice models are simple and which ones are complex.

We now discuss how the present work pertains to the theoretical literature on stochas-

tic choice. Typically, in theoretical work, the stochastic choice function is treated as the

primitive and is itself interpreted as the data. However, real data sets only involve finitely

many data points and typically, each data point represents a choice made by an individ-

ual. This suggests a gap between the assumption and the nature of real data sets and the

logic that seems to justify the gap is that there is perhaps a ”law of large numbers” argu-

ment that one could rely on. However, from a formal standpoint, it is not clear whether

this logic can always be implemented. For example, it may be that for some instances

(such as observing a choice from a menu) there may be enough data points to evoke a

law of large numbers argument but not for other instances. Hence, estimation of the en-

tire map σ from finite data on choices seems far from obvious especially when keeping

in mind the wide variety of decision procedures that the theoretical literature considers

and which lead to very sophisticated stochastic choice models. Do all such models admit

accurate estimation or learnability of choice probabilities?

This last question also brings us to a point of contrast between the theoretical and empir-

ical literature. On the one hand, the theoretical models investigate varied contexts and

decision procedures. If we assume these models as plausible in understanding choice

behaviour, then perhaps a framework such as the present one could provide us a way to

reason, in a simple manner, about the estimation and identification of all these models, al-
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lowing us to make good predictions about choice. However, on the other hand, empirical

work still largely deals with more classical utility models and often for more complicated

models, makes several distributional assumptions (on the data generating process) which

are needed to obtain consistency results. In the present approach, we show that mild

assumptions are needed for estimation and also provide relatively simple arguments to

establish identification of choice probabilities for a variety of stochastic choice models

such as Logit, Additive Perturbed Utility and Choice with Consideration Sets.

The outline of the paper is as follows. In section 2, we present the model and the learning

problem. In section 3, we discuss consistent learning rules, which we construct on the

basis of the principle of empirical risk minimisation. In our setting, we define objective

risk in terms of incentive compatible scoring rules. Finally, in section 4, we apply our

approach to a variety of stochastic choice models in economics.

2 Model

Let X ⊆R
k be a compact set of characteristics andA = {a1, a2, ..., am} denote a finite set of al-

ternatives. In certain contexts, x = (xI ,xA) ∈Rk shall be a vector including both individual

characteristics (xI ) and product characteristics (xA = (xa)a∈A). In other contexts, involving

choice from menus, X ⊆ 2A = {0,1}A. Hence, at each x ∈ X which is a menu, a choice of an

alternative is made, a ∈ x. We define Z = X ×A and will denote a typical element of Z as z.

A stochastic choice function is a map σ : X → ∆(A). The interpretation of σ is that at

each x, σ (x) = {σa(x)}a∈A is a probability vector where σa(x) denotes the probability that

alternative a ∈ A will be chosen given that the underlying characteristic is x.

2.1 Data Generating Process

The analyst has access to a finite data set of choices from a population. Each data point

consists of an individual’s characteristic and the alternative chosen i.e (xi , ai) ∈ Z. Hence,

a data set is a finite sequence

zn = {(x1, a1), (x2, a2), ...., (xn, an)}. (1)

Hence, a data set is a element zn = (z1, ..., zn) of Zn.

4



We now describe the data generating process. There is a probability measure π ∈ ∆(X )1

which defines the distribution of characteristics in the population. Given π and a stochas-

tic choice map σ , the data is generated as follows. Independent across i, xi is drawn ac-

cording to π and then ai is drawn according to the choice probablities given by σ (xi).

Note here that the analyst only observes the characteristic and the alternative chosen

i.e. (xi , ai) through the data in 1. The analyst knows neither the distribution π nor the

stochastic choice function σ , but assumes that it satisfies certain properties. We denote as

π⊗ σ , the probability measure induced by π,σ together on the set X ×A. This represents

the joint distribution from which the data is generated, by taking n i.i.d. samples from

π⊗σ . We shall denote as π⊗σn, the n-fold product measure induced by π⊗σ on Zn. This

is essentially the distribution of the data zn.

2.2 Learning

A model is any family of stochastic choice functions Σ. The objective of the analyst is

to learn the true choice probabilities based on the data and a model Σ represents the

analyst’s hypothesis. Formally, a learning rule is a map

σ̂ :
⋃
n≥1

(X ×A)n→ Σ. (2)

Suppose now that the true choice probabilities are given by σ0 and suppose π0 governs

the distribution over characteristics. We shall require that a learning map σ̂ be so that

with enough data, zn = {(xi , ai)}ni=1, the estimate of the learning rule σ̂ (zn) would be close

to the true choice probabilities σ0. Here, our notion of closeness between two choice

probability maps σ,σ ′ will be given by

dπ0
(σ,σ ′) =

∫
X
d(σ (x),σ ′(x))dπ0(x) < ε, (3)

where d : ∆(A) × ∆(A) → R denotes a divergence function or metric on the space of all

choice probability vectors on A i.e ∆(A). For example, d could be Euclidean distance, KL

divergence or the total variation distance. This leads us to the following definition of

consistency for learning rules.

Definition 1. A learning rule σ̂ is consistent (with respect to d and Σ) if for all 0 < ε,δ < 1,

1Throughout the paper, for any metric space Y , we will denote as ∆(Y ), the set of all Borel probability
measures on Y . For any ν ∈ ∆(Y ), we shall denote as νn, the n-fold product measure on Y n defined by
νn := ν × ν × ....× ν︸          ︷︷          ︸

n

.
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there exists N (ε,δ) such that for all n ≥N (ε,δ),

(∀π0 ∈ ∆(X ))(∀σ0 ∈ Σ)
(
π0 ⊗ σn0

(
{zn : dπ0

(σ̂ (zn),σ0) < ε}
)
> 1− δ

)
. (4)

We say that a model Σ is learnable with respect to d if there exists a learning rule σ̂ , which

is consistent with respect to d and Σ. Finally, for a given ε,δ > 0, we denote as N (ε,δ), the

smallest n for which 4 holds. The function N : (0,1)2→N is called the sample complexity
of Σ (with respect to σ̂ )

In what follows, we shall discuss consistent learning rules for various stochastic choice

models.

3 Consistent learning rules

3.1 Empirical Risk Minimization

We shall construct consistent learning rules based on the principle of empirical risk min-
imization. For a detailed treatment, see Vapnik [1998]. For the learning problem, we

first define a loss function V : Σ ×X ×A→ R. Suppose the true distribution and choice

probabilities are given by π0,σ0. Then, the expected risk corresponding to σ ∈ Σ is defined

as

V̄ (σ ) =
∫
X×A

V (σ,x,a)dπ0 ⊗ σ0(x,a). (5)

A minimizer of expected risk σ ∗ is defined as

σ ∗ ∈ argmin
σ∈Σ

V̄ (σ ). (6)

We shall consider loss functions V for which it will hold that σ ∗ = σ0 i.e the true choice

probabilities would minimise the expected risk (a property also known as Fisher consis-

tency). The principle of empirical risk minimization involves estimating the expected

risk by the empirical risk on the sample zn = {(xi , ai)}ni=1. For each σ ∈ Σ, the empirical

risk is given by

V̂ (σ ) =
1
n

n∑
i=1

V (σ,xi , ai) (7)
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The learning rule that corresponds to empirical risk minimization, denoted by σ̂E , is de-

fined as

σ̂E(zn) ∈ argmin
σ∈Σ

V̂ (σ ) (8)

The minimum in 8 need not always exist. However, if it holds for someM that V (σ,x,a) ≥
M for all σ ∈ Σ and (x,a) ∈ Z, then the infimum exists and we can define an almost-ERM
learning rule as follows. We have {εn}n such that εn > 0 and limn→∞ εn = 0 . The almost-

ERM rule selects σ̂E(zn) such that

V̂ (σ̂E(zn)) ≤ inf
σ∈ΣM

V̂ (σ ) + εn (9)

In this context, consistency relies on σ̂E(zn) being close to the true choice probability

function σ ∗ as the function V̂ approximates V̄ , for large enough n. Consistency here is

defined as follows, in terms of V .

Definition 2. A learning rule σ̂ is said to be consistent (with respect to V and Σ) if for all

0 < ε,δ < 1, there exist an N (ε,δ) such that for all n ≥N (ε,δ), it holds that

(∀π0 ∈ ∆(X ))(∀σ0 ∈ Σ)
(
π0 ⊗ σn0

(
{zn : V̄ (σ̂ (zn)) < inf

σ∈Σ
V̄ (σ ) + ε}

)
> 1− δ

)
. (10)

We say that a model Σ is learnable with respect to V if there exists a learning rule σ̂ ,

which is consistent with respect to V and Σ.

It turns out that a model M is learnable if the family of real-valued functions V ◦
Σ = {V (σ, ., .) : σ ∈ Σ} is a Glivenko-Cantelli class of functions (see, for example, Vapnik

[1998]; Shalev-Shwartz and Ben-David [2014]). Each f ∈ V ◦Σ is a function of the form

f : X ×A→R. We provide a definition below (see also Dudley (1996))

Definition 3. A class of real valued functions F on Z is said to be a Glivenko-Cantelli

class of functions if for all ε > 0,

lim
n→∞

sup
µ∈∆(Z)

µn
(
zn : sup

f ∈F
|1/n

n∑
i=1

f (zi)−Eµ(f )| ≥ ε
)

= 0, (11)

where Eµ(f ) denotes the expectation of f under µ.

A necessary and sufficient condition for a class of real-valued functions to be a Glivenko-

Cantelli class of functions is that it have finite Vγ-dimension for each γ > 0 (see, for
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example, Alon et al. [1997]). Other combinatorial measures and notions of dimensions

and capacity also guarantee the Glivenko-Cantelli property for a class of functions for.

eg. Vapnik’s V -dimension, Pollard’s P -dimension, Pγ-dimension, Covering numbers and

Metric Entropy. We shall define and apply these notions and their study implications for

sample complexity bounds in the subsequent sections.

3.1.1 Scoring Rules

In this section, we will define loss functions based on scoring rules. A scoring rule is a

function S : ∆(A) → R
A (see, for example, Savage [1971], Selten [1998]). The interpre-

tation of S is that it is a mechanism for eliciting subjective probability judgements. If p

is a probabalistic prediction about the alternative to be chosen in A and suppose a is the

alternative chosen, then Sa(p) is the reward obtained. For each p,q ∈ ∆(A), we can define

S(p,q) :=
∑
a∈ASa(p)qa to be the expected score when q is the true distribution over A. A

scoring rule is said to be incentive compatible if

S(q,q) ≥ S(p,q) for all p,q ∈ ∆(A) (12)

i.e p = q maximises the function S(.,q). We say that S is strongly incentive compatible2 if

additionally, p = q is the unique maximizer for each q ∈ ∆(A).

We now define a loss function based on S.

V S(σ,x,a) := −Sa(σ (x)) (13)

We can now prove the following lemma.

Lemma 1. Let π0 ∈ ∆(X ) be the true distribution over characteristics and let σ0 ∈ Σ be the true
choice probability function. Suppose S is incentive compatible. Then, σ0 minimises V̄ S(σ ).
Furthermore, if S is strongly incentive compatible and σ ∗ ∈ Σ minimizes V̄ S(.), then σ ∗(x) =

σ0(x) with probability one according to π0.
2We use the terminology of Selten [1998]. Incentive compatible (strongly) scoring rules are also referred

to as proper (strictly) scoring rules. See, for example, Gneiting and Raftery [2007]
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Proof. For any σ ′ ∈ Σ, we have

V̄ S(σ ′) =
∫
X×A

V S(σ ′,x,a)dπ0 ⊗ σ0(x,a)

= −
∫
X

[∑
a∈A

Sa(σ
′(x))σ0,a(x)

]
dπ0(x)

= −
∫
X
S(σ ′(x),σ0(x))dπ0(x)

≥ −
∫
X
S(σ0(x),σ0(x))dπ0(x) (14)

= V̄ S(σ0),

where the inequality 14 follows from the fact that S is an incentive compatible scoring

rule. Now, suppose σ ∗ minimizes V̄ S(.) and let E = {x : σ ∗(x) , σ0(x)} . Since S is strongly

incentive compatible, note that S(σ0(x),σ0(x)) > S(σ ∗(x),σ0(x)) for all x ∈ E. We already

have that S(σ0(x),σ0(x)) ≥ S(σ ∗(x),σ0(x)) for all x ∈ X. Hence, if π0(E) > 0, then we will

have that V̄ S(σ0) < V̄ S(σ ∗). This contradicts that σ ∗ minimizes V̄ S(.).

The above result shows that σ0 is the minimiser of expected risk. Each strongly incen-

tive compatible scoring rule leads to a divergence function

dS(p,q) = S(q,q)− S(p,q) for all p,q ∈ ∆(A) (15)

Hence, from Lemma 1, it follows that

V̄S(σ )− inf
σ∈ΣM

V̄S(σ ) = V̄S(σ )− V̄S(σ0)

=
∫
X
dS(σ (x),σ0(x))dπ0(x).

Hence, if we can construct consistent learning rules with respect to V̄S , then we can con-

struct consistent learning rules with respect to the divergence function dS .

The learning rule based on empirical risk minimisation corresponds to maximising the

empirical score based on the data D = {(xi , ai)}ni=1. Hence, σ̂E maximises

−V̂ S(σ ) =
1
n

n∑
i=1

Sai (σ (xi)), (16)

which can be thought of as the empirical score. For a scoring rule S and stochastic choice
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function σ , we define the function S ◦ σ (x,a) := Sa(σ (x)). Consistency of the learning rule

σ̂E with respect to dS relies on the nature of the real-valued function class

S ◦Σ = {S ◦ σ |σ ∈ Σ}.

The following is a key result.

Proposition 1. Let Σ be a model of stochastic choice and let S be an incentive compatible
scoring rule. Suppose the class of functions S ◦Σ is bounded above i.e. there exists an M such
that f (z) ≤M for all f ∈ S ◦Σ and z ∈ Z. If S ◦Σ is a Glivenko-Cantelli class, then the model
Σ is learnable with respect to the divergence function dS .

Proof. The proof is in the appendix. It follows from the fact that the ERM rule yields

consistency (see Vapnik [1998]) in the sense of Definition 2 and from Lemma 1.

We now give some examples of incentive compatible scoring rules and their associated

divergence functions.

1. (Log Rule) : Sa(p) = ln(pa). The log scoring rule is incentive compatible and its diver-

gence function corresponds to KL divergence S(p,q) = dKL(p||q) =
∑
a∈A

ln(pa)
ln(qa)

pa. Note

that maximisation of the empirical score with respect to the log rule corresponds to

choosing choice probability functions according to the conditional maximum like-

lihood procedure .

2. (Quadratic Scoring Rule) : Sa(p) = 2pa −
∑
b p

2
b . The scoring rule is called the Brier or

quadratic scoring rule and is strongly incentive compatible. The divergence func-

tion associated with S is the square of the euclidean distance between p and q i.e.

dS(p,q) = ||p − q||22.

Since all Lp metrics on R
d are equivalent (as all norms on a finite dimensional vector

space are equivalent), it follows that consistency of a learning rule with respect to

dS implies consistency with respect to any other Lp metric. Further, from Pinsker’s

inequality, we have that

||p − q||T V ≤
√

1
2
dKL(p||q).

Recall the total variational norm is equal to half times the L1 distance i.e. ||p−q||T V =
1
2 ||p − q||1. Hence, the above inequality implies that empirical score maximisation

using the log scoring rule, which corresponds to conditional maximum likelihood,

leads to consistency with respect to all Lp metrics.
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3. (Manski’s score with tie breaking) : Let � be a complete strict order on A and let

p ∈ ∆(A). Now, define another strict order �p on A as follows : a �p b if either pa > pb
or it is the case that pa = pb and a � b. Finally, we let W (1) ≤W (2) ≤ .... ≤W (|A| − 1).

The Manski scoring rule with tie breaking is defined as Sa(p) =W (|{b|a �p b}|). Note

that a �p b implies both pa ≥ pb and Sa(p) ≥ Sb(p). Now, by the rearrangement in-

equality, this means that that S(q,q) ≥ S(p,q) for all p,q ∈ ∆(A) i.e. S is an incentive

compatible scoring rule.

3.2 Dimension and Sample Complexity

In this section, we discuss sufficient conditions for a class of real valued functions to be

Glivenko-Cantelli. These place bounds on the capacity or complexity of the function

class. There exist several alternative notions and measures to quantify such complexity

and we will discuss the central notions here.

For γ ≥ 0, we will say that a set a function class F Vγ-shatters a set of points (z1, ..., zn)

if there exists a real number r̄ ∈ R such that for all B ⊆ {1, ...,n}, there exists fB ∈ {1, ...,n}
such that

fB(zi) > r̄ +γ for all i ∈ B

fB(zi) ≤ r̄ −γ for all i < B

We say a F V -shatters (z1, ..., zn) if it V0-shatters (z1, ..., zn).

Similary, for γ ≥ 0, we say that a function class F Pγ-shatters a set of points (z1, ..., zn)

if there exists a vector r = (r1, ..., rn) ∈ Rn such that for all B ⊆ {1, ...,n}, there exists fB ∈
{1, ...,n} such that

fB(zi) > ti +γ for all i ∈ B

fB(zi) ≤ ti −γ for all i < B

We say F P -shatters (z1, ..., zn) if it P0-shatters (z1, ..., zn).

The following provides definitions for dimension we consider here.

Definition 4. Fix a function class F . The Vγ-dimension of F , denotes the largest number

of points n that can be Vγ-shattered by F . The Pγ-dimension of F , denotes the largest
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number of points n that can be Pγ-shattered by F . The V -dimension is the V0-dimension

of F and finally, the P -dimension is the P0-dimension of F and is also known as the

Pollard dimension.

The V -dimension is due to Vapnik (1989). It is a generalisation of the VC dimension,

which is defined for sets i.e. binary valued functions. Indeed, the VC dimension of a

class of subsets of Z equals the V -dimension of the indicator functions corresponding to

the sets in the class. The P -dimension is due to Pollard and is commonly referred to as

the Pollard dimension. We shall refer to the V -dimension, Vγ-dimension, P -dimension

and Pγ-dimension of the function class F as dimV (F ), dimVγ (F ), dimP (F ) and dimPγ (F )

respectively. Note that dimVγ (F ) ≤ dimV (F ) and dimPγ (F ) ≤ dimP (F ) for all γ > 0. The

following results are due to Alon et al. [1997] and Bartlett and Long [1995].

Proposition 2. (Alon et al. [1997] and Bartlett and Long [1995]) Let F be a uniformly
bounded class of real-valued functions defined on Z i.e., there exists M such that |f (z)| ≤M for
all z ∈ Z and f ∈ F . For all γ > 0, dimVγ (F ) ≤ dimPγ (F ) ≤ (2d 1

2γ e−1)dimVγ/2(F ). The func-
tion class F is a Glivenko-Cantelli class if and only if dimVγ (F ) is finite for all γ > 0. Hence,
furthermore, a class F is a Glivenko-Cantelli class if and only if dimPγ (F ) is finite for all γ > 0.

Let (ε,δ) ∈ (0,1)2 and suppose for some 0 < κ < 1/4, we have dimP(1/4−κ)ε
(F ) = d, which is

finite. Suppose now that n ∈N is to the order of

O
( 1
ε2

(
d ln2 1

ε
+ ln

1
δ

))
.

Then, for n,

sup
µ∈∆(Z)

µn
(
zn : sup

f ∈F
|1/n

n∑
i=1

f (zi)−Eµ(f )| ≥ ε
)
< δ.

The above proposition provides us with necessary and sufficient conditions for a func-

tion class to be Glivenko-Cantelli. Combining Proposition 1 and Proposition 2, we obtain

the following corollary.

Corollary 1. Let Σ be a model of stochastic choice and let S be a incentive compatible scoring
rule. If S ◦ Σ has finite Vγ-dimension for all γ > 0, then Σ is learnable with respect to dS .
Furthermore, there exists an almost-ERM rule σ̂E which is consistent with respect to d and Σ
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which has sample complexity at most to the order of

O
( 1
ε2

(
d ln2 3

ε
+ ln

1
δ

))
,

where d = dimP(1/8)ε
(F ).

4 Applications

4.1 Holder Classes

We establish an upper bound for the Vγ-dimension of a class of Holder continuous func-

tions. A choice probability function σ : X → ∆(A) is said to be Holder continuous with

constants K,α > 0 if for all x,y ∈ X ,

||σ (x)− σ (y)||α ≤ K ||x − y||.

We will obtain a result on the learnability of classes of Holder continuous choice proba-

bility maps. Before establishing the result, we will need the following notions of covering

and packing numbers. Consider a compact subset A of a metric space (X,d) and a real

number r > 0. We call as N c(A,r), r-covering number of A, to be the smallest number n,

of points x1, ...,xn ∈ X such that A ⊆ ∪iB(xi , r). The r-packing number of A, denoted as

N p(A,r), is defined as the largest number n, points x1, ...,xn ∈ A such that ||xi − xj || ≥ r for

i , j. The covering and packing numbers satisfy the inequality N p(A,r) ≤ N c(A,r). Note

that for compact sets, by definition, there exists a finite r-covering number and hence,

from the inequality, also has a finite packing number. We state and prove the learnability

result below.

Proposition 3. Let K̄, ᾱ > 0 and consider the following model

ΣK̄,ᾱ := {σ : σ is Holder continuous with constants K,α s.t K ≤ K̄,α ≤ ᾱ}.

Further, let Sbr denote the Brier scoring rule. For 0 < γ < 1/2, the Vγ-dimension of the function
class Sbr ◦ΣK̄,ᾱ is at most

|A|N p
(
X ,

(2γ)ᾱ

8K̄

)
.

Hence, the model ΣK̄,ᾱ is learnable with respect to any Lp metric on ∆(A).

13



Proof. We will first argue that for any f ∈ Sbr ◦ΣK̄,ᾱ and a ∈ A, the function f (., a) : X →R

is Holder continuous with constant K ′,α′ such that K ′ ≤ 8K̄ and α′ ≤ ᾱ. Now, since

f ∈ Sbr ◦ΣK̄,ᾱ, there exists σ ∈ Σ such that f (., a) = Sbr(σ (.), a). Now, it is known that the

composition g ◦h of two Holder continuous functions g and hwith constants K,α and L,β

is Holder continuous with constants KβL and αβ. In our case, g = Sbr(., a) and h = σ (.).

Hence, it suffices and we will indeed show that for the Brier score function, Sbr(p,a) is

Lipschitz continuous in p with Lipschitz constant 8.

The Brier score Sbr(p,a) = 2pa − ||p||2, is concave as a sum of two concave functions (the

square of the Euclidean norm is convex). It then follows that any L ≥ supp∈∆(A) ||∇S(p,a)|| is
a Lipschitz constant for S(., a). Now, the gradient is equal to ∇S(p,a) = (∇bS(p,a))b∈A = (2−
2pa, (−2pb)b,a). Hence, for any p ∈ ∆(A), we have that ||∇S(p,a)||2 ≤ 4(1−pa)2+

∑
b,a4p2

b ≤ 8.

We now show the result. Let 0 < γ < 1/2. Let m > |A|N p
(
X ,

(2γ)ᾱ

8K̄

)
. Let {(xi , ai)}mi=1 be

a set of data points. Now, by the pigeon-hole principle, there exists a ∈ A such that

n := |{i|ai = a}| > N p
(
X ,

(2γ)ᾱ

8K̄

)
.

Consider now the set of data pointsD = {(xi , ai)}i∈{i|ai=a}. Suppose the setD is Vγ-shattered.

Hence, there exists r̄ such that for any i , j, there exists f ∈ Sbr ◦ΣK̄,ᾱ such that f (xi , ai) >

r̄ +γ and f (xj , aj) ≤ r̄ −γ . Hence, this means 8K̄ ||xi −xj || ≥ |f (xi , ai)− f (xj , aj)|α
′
= |f (xi , a)−

f (xj , a)|α
′ ≥ (2γ)α

′ ≥ (2γ)ᾱ. But this, in turn, implies that ||xi −xj || ≥
(2γ)ᾱ

8K̄
for all i , j. But

this contradicts the fact N p
(
X ,

(2γ)ᾱ

8K̄

)
is the

(2γ)ᾱ

8K̄
-packing number for A that now since

|D | = n > N p
(
X ,

(2γ)ᾱ

8K̄

)
.

Note that the above result allows us to obtain the minimum number of samples needed

to have precise estimate of choice probabilities satisfying a Holder restriction. This is a

fairly general class and the sample complexity bound derived from the above result serves

as an upper bound on the sample complexity of sub-models which would be of interest in

applications. For example, the class of stochastics maps corresponding to several random

utility models with independent noise (see, for example, Fosgerau et al. [2017]).

Proposition 3 holds for the Brier score, which gaurantees learnability with respect to any

Lp metric. A key aspect of the result is the fact that the Brier score yields a uniformly

bounded class of functions Sbr ◦ ΣK̄,ᾱ. Hence, if instead we use the Log rule S log, the

corresponding class of functions, S log ◦ΣK̄,ᾱ, would not be uniformly bounded. Hence,

14



we would be unable to derive a counterpart of the above proposition for Log rule as

Proposition 2 would not apply. However, if there exists a lower bound for all the choice

proabilities in Σ, then we may apply the Log scoring rule to yield consistent estimates

with respect to KL divergence. This essentially corresponds to consistency of the condi-

tional maximum likelihood procedure in the present context.

One may also apply the result to construct stastical tests to test the assumptions of a

model. For example, consider a sub-model of stochastic choice Σ ⊆ ΣK̄,ᾱ. Given a con-

sistent rule σ for the model ΣK̄,ᾱ. Then, with enough data zn, we may accept the model

if d(σ (zn),Σ) := infσ ′∈Σd(σ (zn),σ ′) is below a threshold value ε̄, rejecting the model oth-

erwise. Such tests would yield accurate results for large n, as uniform consistency of the

learning rule gaurantees that estimates σ (zn) eventually converge to the true stochastic

function σ0.

4.2 Additive Perturbed Utility Models

The Additive Perturbed Utility model is due to Fudenberg et al. [2015] and is defined as

follows. There is a utility function v : X → R
A and a cost function c : ∆(A) → R. The

stochastic choice function is defined as

σv,c(x) ∈ arg max
p∈∆(A)

p.u(x)− c(p).

Here, a model Σ corresponds to a class of utility and cost functions v and c. Proposition

3 implies the following learnability result.

Proposition 4. Let Σ be an Additive Perturbed Utility Model such that for each (v,c), the
utility function v and cost function c are both Lipschitz continuous upto constant K̄ . Then, Σ
is learnable.

Proof. Can be found in the appendix. Follows from a theorem of maximum for Lipschitz

functions and an application of Proposition 3.

4.3 Random Utility Models

We focus on the Random Utility Model of Block et al. [1959] and McFadden [1978], al-

lowing for non-seperability in the utility function. Let X ⊆ R
k be a compact set of char-

acteristics and a finite set of alternatives or products A = {a1, a2, ..., am}. The utility that an

individual derives from a particular alternative depends on the characteristic and also
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depends on an idiosyncratic variable, which acts as a utility shock. The set of all possible

idiosyncratic variables is E ⊆R
l . An individual’s utility function is given by

u : X ×E →R
A. (17)

Hence, if an individual’s characteristic is x ∈ X and the idiosyncratic variable is ε ∈ E,

then the utility derived from the various alternatives is given by the vector u(x,ε) =

(ua(x,ε))a∈A ∈ R
A. This means that, given (x,ε), the alternative a will be chosen only

if

ua(x,ε) ≥ ub(x,ε) for all b ∈ A. (18)

The analyst has access to a finite data set of choices from a population. Each data point

consists of an individual’s characteristic and the alternative chosen by him i.e (xi , ai).

Hence, a data set is a finite sequence

D = {(x1, a1), (x2, a2), ...., (xn, an)}. (19)

We now describe the data generating process. There is a joint distribution π over X × E.

This defines the distribution of (x,ε)’s in the population. The (xi , εi)’s are drawn i.i.d ac-

cross i, according to π and the alternative ai is chosen so as to maximise ua(xi , εi), where

the utilities are given by an underlying utility function u as in 17. For each i, the analyst

only observes (xi , ai) but not εi . Further, the analyst does not know the distribution π and

the utility function u but assumes that it satisfies certain properties.

It shall be useful to work with an alternative but equivalent description of the data gener-

ating process. This is as follows. Fix a pair (π,u) and define the following stochastic map

σπ,u : X → ∆(A)

σπ,u(x)(a) = Pr
ε∼π(.|x)

[ua(x,ε) ≥ ub(x,ε) for all b ∈ A]. (20)

The map σπ,u tells us the choice probabilities as a function of the characteristic x ∈ X .

Hence, one may alternatively view the data generating process as follows : i) xi is drawn

according to πX , which is the marginal of π on X . ii) The choice ai is made according to

probabilities given by σπ,u(x). Let Qπ,u denote the resulting distribution over X ×A.

A model is any familyM of pairs (π,u). We define the choice probabilities corresponding
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to a given modelM as

ΣM = {σπ,u |(π,u) ∈M}.

Suppose the model is correctly specified and suppose the true distribution and utility

function is (π0,u0). Then, the true choice probabilities are given by σπ0,u0
. For notational

convenience, we shall sometimes denote σπ0,u0
as σ0 and ΣM as Σ. We say that Σ is learn-

able if it is learnable in the sense of Definition 1.

4.3.1 Multinomial Logit

In this section, we show that the Logit model is learnable with respect to KL divergence.

We derive the sample complexity of the conditional maximum likelihood procedure,

which corresponds to the ERM learning rule with the Log scoring rule as the loss func-

tions. This is shown by establishing bounds for the Pollard dimension of the model and

then, applying Proposition 2. We describe the model as follows.

The set of characteristics will have two components, namely, individual and product

characteristics i.e. x = (xI ,xA). Let dI denote the dimensionality of individual charac-

teristic i.e. xI ∈ RdI . For each a ∈ A, da denotes the dimensionality of the characteristic of

product a. Hence, xA = (xa)a where xa ∈ Rda for each a ∈ A. Hence, the set of character-

istics is a compact subset X ⊆ R
dI ×

∏
a∈AR

da . The idiosynctratics variables are E = R
A, a

typical element being ε = (εa)a. Lastly, there is a set of coefficients for the characteristics

Θ ⊆R
dI ×

∏
a∈AR

da . A typical element of Θ will be denoted as θ = (θI , (θa)a) ∈Θ. We shall

assume that Θ is compact as well. Lastly, the utility function ua(x,ε;θ) is parametrised

by θ and is given below.

ua(x,ε;θ) = θI .xI +θa.xa + εa

The model is as follows. According to π, the characteristic x is independent of the in-

diosynctratic variable ε. Moreover, the εa’s are independently and identically distribution

across a, according to a logistic distribution. The resulting choice probabilities for θ ∈ Θ
are given as follows. For a ∈ A, the probability that alternative a will be chosen at x is

σ
logit
a (x;θ) =

eθI .xI+θa.xa∑
b∈A

eθI .xI+θb.xb
.

17



Now the model of stochastic choice probabilities is Σlogit = {σ logit(.;θ)|θ ∈ Θ}. We now

obtain the following result on the learnability of the Multinomial Logit model.

Proposition 5. Suppose Σlogit is the Logit model and S log is the Log scoring rule. Let d̄ :=∑
a∈AdI + da. Then, the class of real-valued functions S log ◦Σlogit is uniformly bounded and

has Pollard P -dimension at most equal to

(2d̄ + |A|+ 2)2d̄(d̄ + 19log2(9d̄)).

Hence, the Logit model is learnable with respect to KL divergence, using the conditional max-
imum likelihood procedure. Moreover, the sample complexity of conditional maximum likeli-
hood has an upper bound that is polynomial in the number of alternatives and the number of
regressors.

Proof. Proof can be found in the appendix and follows from a result on the VC dimension

of neural networks (see Proposition 8).

The above model allows for heterogeniety in the coefficients of the product attributes.

Moreover, the number of attributes can differ across products as well. Suppose we as-

sume homogeneity and that each product has the same number of attributes (without

individual characteristics). The probability of choosing alternative a ∈ A becomes

σ
logit
a (x;θ) =

eθ.xa∑
b∈A

eθ.xb
.

We then obtain the following result.

Corollary 2. Let Σ′logit be the above Logit model with homogeneity in the coefficients and
suppose S log is the Log scoring rule. Then, the class of real-valued functions S log ◦ Σ′logit is
uniformly bounded and has Pollard P -dimension at most equal to

((2d + 1)|A|+ 2)2d(d + 19log2(9d)).

Hence, the sample complexity of the Logit model is quadratic in the number of alternatives.

4.3.2 Non-linear utilities

The Logit model corresponds to the case where the utility function of the agent has an

additive form and is linear in x. We can also consider non-linear utility forms and esblish
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learnability of such models by providing upper bounds for Pollard dimension. Suppose

we consider polynomial utilities which are of the form ua(x,ε;θ) = Pa(x;θ) + εa, where

each Pa(x;θ) is a polynomial in x and the parameter θ is a vector in a Euclidean space,

denoting the coefficients of the polynomial. The choice probabilities would be given by

σ
logit
a (x;θ) =

ePa(x;θ)∑
b∈A

ePb(x;θ)
.

We obtain the following result establishing the learnability of such models.

Proposition 6. Let Σ′logit be the above Logit model with polynomial utilities, where each
Pa(x;θ) is a polynomial of order at most m. Suppose S log is the Log scoring rule. Then, the
class of real-valued functions S log ◦Σ′logit is uniformly bounded and has Pollard P -dimension
at most equal to

(mk+1 + |A|+ 2)2mk(mk + 19log2(9mk)).

where k is the dimensionality of the characteristic x. Hence, the Logit model with polynomial
utilities is learnable.

4.4 Choice from Menus

In this section, we will study stochastic choice in the setting where there is data on choice

from a menus of alternatives. As before, A is a finite set of alternatives. Hence, we will

have X = 2A\{∅}. For a choice probability function σ : X → ∆(A), for each menu of alter-

natives x = A ∈ X , the probability vector σ (A) which full support in A. For each a ∈ A,

the quantity σa(A) denotes the probability of alternative a being chosen from the menu

A. We will assume the following holds for σ .

Definition 5. (Positivity) A stochastic choice function σ satisfies positivity if for each

menu A and a ∈ A, we have σa(A) > 0.

In this context, the choice probabilities from the Logit or the Luce model are as fol-

lows. There exists a function w : A→ R++, which assigns weights to the various alterna-

tives. For each menu A, the alternative a ∈ A is chosen with probability

σa(A) =
w(a)∑

b∈A
w(b)

.
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It is well-known that under positivity, a stochastic choice map σ has the Luce representa-

tion if and only if σ satisfies the Independence of Irrelevant Alternatives axiom (IIA). The

IIA axiom says that if A and B are two menus and we have two alternatives a,b ∈ A∩ B.

Then,

σa(A)
σb(A)

=
σa(B)
σb(B)

.

Another example is the stochastic choice model involving consideration sets (Manzini

and Mariotti [2007]). The model is defined as follows. There is a function γ : A→ (0,1)

and a strict order � on A. The choice probabilities are given as follows.

σ
γ,�
a (A) := (1−γ(a))

∏
b:b�a

γ(b)

Proposition 7. Suppose Σ is either the Logit/Luce model or the model with consideration sets.
Then, under the log rule S log , the Pollard dimension of S log ◦Σ is at most O(|A|2).

Proof. The proof is similar to Proposition 5 and also applies a result from neural networks

(see Proposition 8).
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5 Appendix

5.1 Proofs from Section 3

The following is the proof for Proposition 1.

Proof. We show that Σ is learnable with respect to dS . We shall construct an almost-ERM

learning σ̂E , which would be consistent with respect to d and Σ. For each n ∈N, define

εn := 1/n. Now, for zn = ((xi , ai))
n
i=1 ∈ Z

n, let σ̂E(zn) be such that

V̂S(σ̂E(zn)) ≤ inf
σ∈Σ

V̂S(σ ) + εn,

where recall that for any σ ∈ Σ, V̂ (σ ) := 1/n
∑n
i=1Sai (σ (xi)). Note that the infimum exists

in the above definition since S ◦Σ is bounded above by M. Hence, the learning rule σ̂E is

well-defined. We now show it is consistent.

Since S ◦Σ is a Glivenko-Cantelli class of functions, for each (ε,δ) ∈ (0,1)2, there exists

N ′(ε,δ) such that for all n ≥N ′(ε,δ), we have

sup
µ∈∆(Z)

µn
(
zn : sup

f ∈S◦Σ
|1/n

n∑
i=1

f (zi)−Eµ(f )| ≥ ε/3
)
< δ. (21)
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Now, let N (ε,δ) := max{3/ε,N ′(ε,δ)}. Now, suppose n ≥ N (ε,δ), let π0 ∈ ∆(X ) be a distri-

bution over characteristics and suppose the true choice probabilities are given by σ0 ∈ Σ.

For convenience, denote Ezn(f ) = 1/n
∑n
i=1 f (zi).

Now suppose zn is such that supf ∈S◦Σ |Ezn(f ) −Eπ0⊗σ0
(f )| < ε/3. Note that this happens

with probability at least 1 − δ under π0 ⊗ σn0 . Consider the almost-ERM rule σ̂E . Define

also fE,zn(x,a) := S(σ̂E(zn)(x), a), f0(x,a) := S(σ0(x), a) and µ0 = π0 ⊗ σ0. It follows that

|Eµ0
(fE,zn)−Eµ0

(f0)| = Eµ0
(f0)−Eµ0

(fE,zn) (22)

= Eµ0
(f0)−Ezn(fE,zn) +Ezn(fE,zn)−Eµ0

(fE,zn)

≤ Eµ0
(f0)−Ezn(fE,zn) + ε/3 (23)

≤ Eµ0
(f0)−Ezn(f0) + 1/n+ ε/3 (24)

≤ ε/3 + ε/3 + ε/3 (25)

= ε.

Here, 22 follows since σ0 minimises expected risk as S is incentive compatible (Lemma 1).

The inequality 23 follows by assumption that supf ∈S◦Σ |Ezn(f )−Eµ0
(f )| < ε/3. This yields

Ezn(fE,zn) −Eµ0
(fE,zn) < ε/3. Also, 24 follows since σ̂E is almost-ERM. Lastly, 25 follows

since n ≥ 3/ε and again from our assumption that supf ∈S◦Σ |Ezn(f )−Eµ0
(f )| < ε/3, which

yields Ezn(f0)−Eµ0
(f0) < ε/3.

Now, since we have

Eµ0
(f0)−Eµ0

(fE,zn) =
∫
X
dS(σ̂E(zn)(x),σ0(x))dπ0(x),

it follows that σ̂E is consistent with respect to dS and Σ.

5.2 Proofs from Section 4

We now prove Proposition 5. The following result on the VC dimension of neural net-

works will be useful in our analysis. These can be found in Anthony and Bartlett (see

Theorems 8.4 and 8.14).

Proposition 8. Let Θ ⊆ R
p. Suppose F = {f (w,θ) : θ ∈ Θ} is a parametrized class of 0-1

valued functions defined on a setW ⊆R
k. Further, suppose, for each f ∈ F and each (w,θ) ∈Θ,

computing the value of f (w,θ) takes no more than t many operations from the following

1. The arithmetic operations +,−,× and \ defined on real numbers.
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2. Pairwise comparisons of two real numbers involving the relations ≥,>,≤,< and =,,.

3. Output 0 or 1.

Then, the VC dimension of F is at most 4p(t + 2).

Proposition 9. Let Θ ⊆ R
p. Suppose F = {f (w,θ) : θ ∈ Θ} is a parametrized class of 0-1

valued functions defined on a setW ⊆R
k. Further, suppose, for each f ∈ F and each (w,θ) ∈Θ,

computing the value of f (w,θ) takes no more than t many operations from the following

1. The arithmetic operations +,−,× and \ defined on real numbers.

2. Pairwise comparisons of two real numbers involving the relations ≥,>,≤,< and =,,.

3. Output 0 or 1.

4. Computing the exponential function x→ ex.

Then, the VC dimension of F is at most t2d(d + 19log2(9d)).

We now show Proposition 5.

Proof. Firstly, note that the Pollard dimension of S log ◦ Σlogit is the same as the Pollard

dimension of the function class {σ (x)(a) : σ ∈ Σlogit ; (x,a) ∈ X × A}. This follows since

ln(x) is strictly increasing in x. We will show the result by application of Proposition 9

and noting that choice probabilities in the Logit model is parametrised by θ, which is an

element of Θ ⊆ R
d̄ . Hence, it suffices to compute the number of operations, t, needed to

determine whether

eθI .xI+θa.xa∑
b∈A

eθI .xI+θb.xb
≥ ri (26)

Note that the computation of each θI .xI+θa.xa = θ1
a .x

1
a+θ2

a .x
2
a+ ....+θdaa .x

da
a +θ1

a .x
1
a+θ2

a .x
2
a+

....+θdaa .x
da
a takes 2(dI+dA)−1 steps to compute. Hence, it takes 2(dI+dA) steps to compute

eθI .xI+θa.xa . This implies a total number of
∑
a2(da+dI )+ |A| steps to compute eθI .xI+θa.xa∑

b∈A e
θI .xI+θb.xb

.

This means that the total number of steps needed to determine whether 26 holds is equal

to
∑
a2(da + dI ) + |A|+ 2. This means that t = 2d̄ + |A|+ 2. Finally, applying Proposition 9

and observing that Θ ⊆R
dI+

∑
a da , the result obtains since dI +

∑
ada ≤ d̄.

Now, we prove Corollary 2.
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Proof. In the case of the standard Logit model, we have Θ ⊆ R
d . The argument follows

along the same lines as the proof of Proposition 5.

We next establish the proof for Proposition 6 i.e. the learnability of non-linear models

involving polynomial utilities.

Proof. The parameter θ gives us the coefficients of the polynomial. This means that if

n = (n1, ...,nk) ∈ N
k such that

∑
i ni ≤ m, then θ(n) denotes the coefficient of the terms∏k

i=1x
ni
i . Hence, θ = {θ(n)}n∈{n:

∑
i ni≤m} is vector in R

mk . We then indeed have that

Pa(x;θ) =
∑

n∈{n:
∑
i ni≤m}

θ(n)
k∏
i=1

xnii .

The number of operations needed to compute Pa(x;θ) =
∑
n∈{n:

∑
i ni≤m}θ(n)

∏k
i=1x

ni
i is at

mostmk. Applying Proposition 9 again, we obtain the upper bound (mk+1+|A|+2)2mk(mk+

19log2(9mk)).

The following technical lemma, about the Lipschitz continuity of optimal functions,

shall be useful in our analysis.

Lemma 2. LetW : X×∆(A)→R be a function such that i)W (.,p) is Lipschitz continuous with
constant K1 > 0, for each p ∈ ∆(A); ii) W (x, .) is Lipschitz continuous with constant K2 > 0, for
each x ∈ X . Consider an optimal choice probability function σ ∗ : X → ∆(A) defined as

σ ∗(x) ∈ arg max
p∈∆(A)

W (x,p).

Then, it follows that σ ∗ is lipschitz continuous with constant K1K2 > 0.

Proof. Let x,y ∈ X . Then,

||σ ∗(x)− σ ∗(y)|| ≤ K2(W (x,σ ∗(x))−W (x,σ ∗(y))). (27)

This follows from the Lipschitz continuity ofW (x, .) and from the fact that σ ∗(x) is optimal

in ∆(A). Hence, W (x,σ ∗(x)) ≥W (x,σ ∗(y)). By the same argument, we also have for y that

||σ ∗(x)− σ ∗(y)|| ≤ K2(W (y,σ ∗(y))−W (y,σ ∗(x))). (28)
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Combining 27 and 28 we get that

||σ ∗(x)− σ ∗(y)|| ≤ K2

2
(W (x,σ ∗(x))−W (x,σ ∗(y)) +W (y,σ ∗(y))−W (y,σ ∗(x)))

≤ K2

2
|W (x,σ ∗(x))−W (y,σ ∗(x))|+ K2

2
|W (x,σ ∗(y))−W (y,σ ∗(y))|

≤ K2

2
K1||x − y||+

K2

2
K1||x − y||

= K1K2||x − y||.

Combining the conclusions of Lemma 2 and Proposition 3, we have that Proposition

4 follows as a corollary.

25


	Introduction
	Model
	Data Generating Process
	Learning

	Consistent learning rules
	Empirical Risk Minimization
	Scoring Rules

	Dimension and Sample Complexity

	Applications
	Holder Classes
	Additive Perturbed Utility Models
	Random Utility Models
	Multinomial Logit
	Non-linear utilities

	Choice from Menus

	Appendix
	Proofs from Section 3
	Proofs from Section 4


